Abstract
The angles o f propagation w i l l be derived from t h e convective wave equation and i t s a o l u t i o n s . Additional convective e f f e c t s must then be consiaered both i n t h e dlict and i n t h e f a r -f i e i a s o t h a t i n f e r e n c e s can be m d e regarding t h e f a r -f i e l d r a d ia t i o n f o r both s t a t i c and e x t e r n a l flow conditions. These cases a r e handled by allowing d i f f e r e n t Hach numbers i n t h e duct and i n t h e surrounding medium. Approximations w i l l De used t o o b t a i n s i m p l i f i e d equations f o r t h e angles of propugation. Exact s o l u t i o n s f o r t h e s e angles using Hankel f u n c t i o n r o l u t i as a r e given i n appendix A and a r e used t o check the approximations made i n t h e main t e x t .
The angles of propagation of t h e wave f r o c t s assoc:ated with t h e duct modes a r e derived f o r a c y l i n d r i c a l duct with a uniform s t e a d y flow. These a r e the angles which t h e normal of t h e l o c a l wave f r o n t makes with t h e coordinate axes. The main emphasis i s upon t h e propagation angle with r e s p e c t t o t h e duct a x i s and i t s r e l a t i o n t o t h e f a r -f i e l d a c o u s t i c r a d i a t i o n p a t t e r n . When t h e steady f l u u Hach number i s accounted f o r i n the duct, the propag a t i o n a n e l e i n t h e duce i s shown t o be coincident wich t h e angle of the p r i n c i p a l lobe of f a r -f i e l d r a d i a t i o n obtained using t h e Wiener-Hopf technique. D i f f e r e n t Mach numbers a r e allowed w i t h i n the duct acd in the e x t e r n a l f i e l d . Some i n t e r e s t i n g r e s u l t s of the a n a l y s i s have implications regarding s t a t l c noise t e s t s and e x t e r n a l flow convective e f f e c t s .
For s t a t i c t e s t s v i t h a s t e a d y flcw i n an i n l e t but '\D with no e x t e r n a i Mach number t h e f a r -f i e l d r a d i a t i o n R; p a t t e r n i s s h i f t e d considerably toward t h e i n l e t
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P . a x i s when compared t o zero Mach number r a d i a t i o n theory.
A s the e x t e r n a l Mach number i s increased t h e noise r a d i a t i o n p a t t e r n i s s h i f t e d avay from t h e i n l e t a x i s . The theory i s developed using epproximations f o r sound p r o p a g~t i o n i n c i r c u l a r d u c t s . An exact a n a l y s i s using Hankel function s o l u t i o n s f o r t h e zero Mach number case i s given t o provide a check of t h e simpler approximate theory. m The angle which t h e wave f r o n t normal v e c t o r makes with t h e duct a x i s i s s i g n i f i c a n t s i n c e t h i s angle governs the l o c a t i o n of the p r i n c i p a l lobe of the f a r -f i e l d r a d i a t i o n . This has been shown i n semi-Lnf'nite r e c t a n u l a r d u c t s with uniform flow by V r i g h t ( l f and C l r d e l b ) and i n c i r c u l ducts f o r t h e no-flow c a s e by Homicz and T a r d i . ? j ) Steady flow i n the duct w i l l be rhowc t o have an important e f f e c t upon t h e f s r -f i e 1 2 r a d i a t i o n p a t t e r n . Also of s i g n i f i c a n c e i s t h e angle vhich t h e vave f r o n t normal makes v i t h t h e radia' -. o r d i n a t e which i a t h e angle cf ~n c i d e n c e upon t n e w a l l . This angle of incidence is 3o~Lmately r e l a t e d t ? q Inode r u t -o f f r a t i o r h i~h h a s been shorn by itice * I f t o c o r r e l a t e t h e p e r f o m a n r e of a c o u s t i c auppressors. The angle of incidence upon t h e wall i s a l s o nece a a r y f o r ray t r a c i n g techn;quea a s used by Posey 7; 1 Bcp t r a c i n g techniques were a l s o used by ~a c q u e s~) t o o b t a i n approximate f i i g h t e f f e c t s upon round rod i a t i n g from j e t e x Z~u s t pipes. I n r e f r . 6 md 7 t h e connection b e t v e e~ the a c o u s t i c r a y m g l e s aad t h e duct modes wer-n o t c m r i d e r e d . It ahould be noted when considering r r g l e r of propagation o f t h e vave f r a n t r compriritp, a wC: i n a s o f t -w a l l d u c t , t h a t these angles rill be modified by t h e a c o u s t i c l i n e r boundary c o n d i t i -o . Tbis e f f e c t v i l l be reported i n a r e p s r a t e paper. @) *Head-Acoustic8 Section. Heuhrr AIAA combined r a i r l -c i r c u m f e r e n t i a l vave number (a/r0), m-P a x i a l wave number, m-l t r a n s v e r s e wave number i n r e c t a n g u l a r d u c t , where m is t h e number of lobes f o r t h e mpinning mede (circumferential order), )I the r a d i a l order number of t h e mode, Ipw i a t h e a x i a l wave number, u, is t h e c i r c u l a r fre&ncy, ro i m t h e o u t e r wall r a d i u , % 1s the mode eigenvalue, and J, i m t h e Bessel f u n c t i~o of the f i r a t kind and o r d e r m. For b r e v i t y , the r u b s c r i p t s w i l l be del e t e d , md i t w i l l be understood t h a t a mingle (but q u i t e general) mode i n being considered. When eq. (2) is i n s e r t e d i n t o eq. (1) the r e s u l t i s , This combination of wave numbers is, a s w i l l be shown l a t e r , t h e cause of the t r o u b l e i n defining some of the propagation angles i n c y l i n d r i c a l ducts. wave f r o n t propagation angle r e l a t i v e t o r a d i a l coordinate, angle of incidence on the w a l l , deg The approximation w i l l now be made t h a t the wave f r o n t s behave l o c a l l y as plane waves propagating skewed t o t h e coordinate angles of the duct. The f r n a l approximate equations w i l l be checked by an exact b u t more cumbersome s o h t i o n using Hanitel f u n c t i o v i n appendix A. The approxir,ate s o l u t i o n s a r e found t o be r u f f i c i e n t l y accurate near tile cyli n d r i c a l d u c t w a l l where t h e angle of i n c i d e r~c e would be used and where moat of t h e a c o u s t i c i n t e ns i t y u s u a l l y e x i s t s . The ith propagation angle can b e defined by, r e s u i t a n t a x i a l propagation angle i n duct, deg angle between duct a x i s and peak of t h e p r i n c i p a l lobe of r a d i a t i o n i n the f c rf i e l d , deg vhich i s derived i n appendix 8, and where i = r , 0 , o r x and q i s the angle between t h e normal t o t h e wave f r o n t and t h e i t h coordinate a x i s . When t h e r e i s no flcw, egs. (3) and (4) can be shown t o y i e l d t h e u s u a l r e s u l t , c i r c u l a r frequency, r a d i a n s / s e c Subscripts designates q u a n t i t y f o r m* The angle o f propagation w i t h r e s p e c t t o t h e x-axis can be found without f u r t h e r a p p r o x i m t i o n .
The a x i a l wave number can be found by rearranging eq. (3) t o y i e l d where It i r reasonable t o assume t h a t h e r e t h e p l u s s i g n has been s e l e c t e d f o r t h e r a d ic a l t o provide t h e expression f o r t h e wdve t r a v e l i n g i n the p o s i t i v e x d i r e c t i o n . Eqs. (5). (8) m d (9) then y i e l d , which i s t h e r e s u l t t h a t vould be obtained using a r e c t a n g u l a r approximation t o a t h i n annulus and e q u i v a l e n t t o t h e approach suggested by Cumpsty. t h Thus using eqs. ( 4 ) , (16) and (17) . and then u s i n g eqs. (5) and (8) t h e o t h e r propagat i o n angles can be c a l c u l a t e d a s (10) (10) a r e known.
t h e mode c u t -a f f where a l l of the q u a n t i t i e s t n eq. (11)) and l e t t i n g r = ro, t h e angle of incidence a t t h e w a l l can be w r i t t e n as, Note t h a t when % = 0
It i s n w easy t o s e e why t h e cut-off r a t i o approximately c o r r e l a t e d t h e optimum w a l l impedance values f o r a c o u s t i c l i n e r s i n r e f . 4. For a given Mach number and f o r small m/u t h e angle of incidence upon t h e w a l l i s a f u n c t i o n only o f cut-off r a t i o . m e s c a t t e r i n t h e above mentioned c o r r e l a t i o n occ u r r e d mainly f o r t h e high c i r c u m f e r e n t i a l lobe number, l o v r a d i a l o r d e r modes whera m/c was n o t s m a l l . i q . (21) shows t h i s r a t i o t o be an a d d i t i o na: v a r ' a b l e when i t i s n o t s m e l l . Perhaps a b e t t e r c o r r e l a t i n g parameter f o r optirmm impedance would be t h e angle o f incidence upon t h e w a l l r a t h e r than t h e c u t -o f f r a t i o . f i l s has been i n v e e t l g a t e d and v i l l b e r e p o r t e d in r e f . 8. It should be noted t h a t t h e r f t w a l l boundary c o n d i t i o n w i l l a l t e r t h e angle of incidence from t h a t given i n eq. (21).
which i s the same r e l a t i o n s h i p a s given f o r t h e angle of the peak of the p r i n c i p a l lobe of f a r f i e l d r a d i a t i o n a s given i n r e f s . 4 and 10. l h i s c o r r espondence between propagation angle with r e s p e c t t o the duct a x i s and f a r -f i e l d r a d i a t i o n has been noted previously f o r zero Mach number i n r e f s . 1 t o 3. This corresponder.ce w i l l be shown, i n t h e next sect i o n , t o hoid f o r c y l i n d r i c a l ducts with t h e same flow i n t h e duct and i n the surrounding mediuro.
Radial and Circumferential Propagation Angles
As noted e a r l i e r , eq. (12) can b? obtained without a d d i t i o n a l approximations. However, t h e angle o f incidence on t h e w a l l (rqr) and t h e angle t o t h e t r a n s v e r s e o r c i r c u m f e r e n t i a l d i r e c t i o n ( Q~) cannot be obtained e x a c t l y u s i n g t h e present method because a s shown i n eqri. (3) and (4). t h e r a d i a l and t r a n s v e r s e wave numbers a r e combined through t h e mode e i g e n v a l u e (a). The t r a n s v e r s e wave number can be obtained f r a n eq. (2) a s f o l l o v s ,
P a r -F i e l d R a d i a t i o n Considerations
As mentioned p r e v i o u s l y t h e a x i a l angle of p r o p a g a t i m h a s been a h a m t o correspond t o t h e engle of maximum n o i s e propagation i n t h e f a r -f i e l d f o r z e r o Mach number. However, f o r t h e c a s e s f uniform Mach d e r both in t h e d u c t and i n the surrounding medium, m expreasiun can be w r i t t e n oKIGMAL PAGE 16 OF POOR QUALITY f r a n t h e r e a u l t a of r e f s . 2 , 3, and 12 a s , where qP i s t h e approximate angle f o r t h e peak of the p r i n c i p a l lobe of r a d i a t i o n i n t h e fmr f i e l d . The z e r o Mach number case of eq. (22) has been rhovn t o b e a c l o s e approximation f o r t h e l o c a t i o n of t h e peak of the p r i n c i p a l lobe of t h e f a r -f i e l d r a d i ati p a t t e r n f o r unflanged ducts i n r e f . 3. Saule ( 1 3 h a s s h m t h a t using t h e d u c t eigrnvalue t o o b t a i n e s t i m a t e s of t h e p r i n c i p a l lobe peak angle can r e s u l t i n a small e r r o r f o r t h e c a s e of a flanged duct r a d i a t i o n p a t t e r n and he provides a method f o r applying a c o r r e c t i o n t o t h i s angle i f i t i s considered necessary.
The f i r s t obja c t i v e h e r e i s t o show t h a t t h e r e s u l t a n t a x i s l an Le of propagation i n t h e duct with Mach numbar coincides p r e c i s e l y with t h e r es u l t given by eq. (22). This v i l l provide c o n f idence t h a t t h e convective e f f e c t s upon r a d i a t i o n a r e being properly modeled. Then t h e more i n t e re s t i n g case of d i f f e r e n t Mach numbers w i t h i n and o u t s i d e the duct w i l l be derived.
Resultant Axial Propagation Angle i n the Duct
The geometry of t h e wave propagation v e c t c r s i s s h a m i n f i g . 1, and the d e r i v a t i o n which follows i s considered t o be done a t t h e o u t e r w a l l . Since t h e a x i a l propagation angle ex does n o t vary with r a d i u s i n t h e present approximste a n a l y s i s i t i s nc: c r u c i a l with regard t o the r a d i a l p o s i t i o n used. Hovever i n appendix A, the exact s o l u t i o n using Hankel functions show $x t o a c t u a l l y b e a function of r a d i u s s o t h e approximate a n a l y s i s i s t r u l y v a l i d only n e a r t h e o u t e r w a l l .
I n f i g . 1, t h e v e c t o r c (speed of sound) i s n o m a l t o t h e r a v e f r o n t . The propagation angles q , W , and TF, a r e t h e angles betveen t h e v e c t o r c a8d t g e coordinate axes and a r e c a l c u l a t e d as i n eqs. (12), (19), and (20) . The components of c a r e c a l c u l a t e d from,
The r e s u l t a n t d i r e c t i o n of propagation w i l l n o t be normal t o t h e wave f r o n t b u t w i l l be i n t h e d i r e ct i o n of the r e s u l t a n t v e c t o r cR. The s t e a d y flow v e l o c i t y (c Mg) m a t be added t o cx i n a mariner s i m i l a r t o t h~t done i n r e f s . 6 and 7. The r e s u lt a n t v e c t o r cR contains t h e combined e f f e c t , due t o duct Mach number, of the change i n wave f r o n t d i r e c t i o n b m d t h e d r i f t v e i o c i t y .
The angle vhich i s now of i n t e r e s t f o r comparison w i t h t h e f a r -f i e l d r a d i a t i o n principal lobe peak (eq. (22)) i s t h e angle * between t h e r e s u lt a n t v e c t o r cR and t h e duct axin (x).
This a n g l e can be defined by, numerator of eq. (24) can be rhuwn t o be, and ca i a ,
Thus eq. (24) becomes
A comparison of eqs. (22) and (27) shows t h a t a r e i d e n t i c a l . The s u b s c r i p t appears on MD
eq. (27) t o denote t h a t i t i s t h e Mach number d u c t . As t h e wave f r o n t leaves the d u c t , t h e (26)
(27 they i n i n t h e angle CX v i l l nQ be changed ( r e f r a c t i o n e f f e c t s neg l e c t e d ) and i f t h e Mach nunber o u t s i d e t h e duct i s the same as i n the duct (as assumed f o r d e r i v a t i o n of eq. (22) i n r e f . 33 then t h e d r i f t v e l o c i t y e ff e c t i s a l s o t h e same as i n t h e ducc. Thus i t i s now e v i d e n t t h a t f o r t h e c a s e vhich can be checked by exact r a d i a t i o n a n a l y s i s t h a t t h e r e s u l t a n t a x i a l propagation angle i n t h e duct i s i d e n t i c a l t o t h e angle of t h e peak of t h e p r i n c i p a l lobe i n t h e f a r f i e l d .
Some o t h e r i n t e r e s t i n g observations can be made from the above r e l a t i o n s h i p s . The a x i a l component of the r e s~l t a n t v e l o c i t y v e c t o r c~, a s given by eq. (25), i s t h e a x i a l group v e l o c i t y -.hich could be derived f r m eq. ( 3 ) by applying Also a t mode cut-off ( 5 = 1 ) t h e a x i a l group veloci t y i s zero and * 90'. . Thus, f o r an i n l e t , t h e vave f r o n t i s t i l t e d toward t h e a x i s vhich has important implicst i o n s upon s t a t i c t e s t r a d i a t i o n p a t t e r n s a s w i l l become more evident i n the n e x t s e c t i o n . For t h e exhaust c a s e t h e vave appears t o be going i n t h e wrong d i r e c t i o n m t mode c u t -o f f . It i s t h e angle dr and n o t Qx h i c h governs t h e sound propagation i n the d u c t . This convective d r i f t v e l o c i t y e f f e c t h a s been used i n r e f s . 6 and 7 , hauever, i t was n o t r el a t e d t o modal p r o p e r t i e s .
The v e c t o r s cR and cg a r e coneidered c o n r t m t in t h e d e r i v a t i o n . After some m m i p u l a t i o n t h e 
veloci t y ) i s t h a t between t h e wave f r o n t normal and t h e duct a x i s . A s t h e vave f r o n t passes o u t of t h e duct i n l e t , only d i f f r a c t i o n and r e f r a c t i o n call change the d i r e c t i o n of t h i s wave f r o n t . D~f f r s c t i o n s c a t t e r s t h e sound and causes t h e lobed p a t t e r n i n t h e f a r -f i e l d , but t h e bulk of the a c o u s t i c pswer s t i l l r a d i a t e s i n t h e predesignated d i r e c t i o n det 5 m i n e d by t h e r e s u l t a n t a x i a l propagation angle. Refraction throu,3h v e l o c i t y o r temperature g r a d i e n t s can bend t h e wave f r o n t s and could p o s s i b l y be i ncluded p r i o r t o t h e a p p l i c a t i o n of t h e following analysis.
For t h e p r e s e n t , however, r e f r a c t i o n e ff e c t s w i l l be neglected. 
I t i s thus assumed t h a t t h e a x i a l propagation angle 6 , derived i n t h e duct ec-.-irormsnc i s a l s o v a l i d i n t h e f a r -f i e l d . I t i s thus only necessary t o apply the e x t e r n a l d r i f t v e l o c i t y c o r r e c t i o n which i n general w i l l be d i f f e r e n t from t h a t of the duct. I n the f a r -f i e l d , t h e normal t o t h e vave f r o n t l i e s e s s e n t i a l l y in the r a d i a l -a x i a l plane and only a x i a l and r a d i a l v e l o c i t y corponents need t o be considered i n a cylindrical coordinate system. F i g . 2 shows a sketch of the v e l o c i t y v e c t o r s . A l l t h a t needs t o be done i s t o apply the e x t e r n a l f i e l d ( f l i g h t or s t a t i c ) d r i f t v e l o c i t y c c r r e c t i o n t o t h e vector c . Recall t h a t :, i s unchanged from i t s value i n the duct and i s given by,
Far-Field Angles f o r S t a t i c T e s t s
An important s p e c i a l c a s e of eq. (32) i s t h a t of M, = 0 vhich i s a p p l i c a b l e for s t a t i c engine t e r t s . Eq. (32) then reduces t o which i s of course t h e same as t h e q x r e l a t i o n s h i p given by eq. (12). Sample c a l c u l a t i o n s u s i n g eq. (33) a r e s h o w i n f i g . 3. Of p a r t i c u l a r i n t e re s t a r c t h e modes near c u t -o f f . I f t h e duct Mach number i s zero, t h e p r i n c i p a l lobe of f a r -f i e l d r ad i a t i o n w i l l occur a t go3. I h i s of course i s a l s o p r e d i c t e d by previous r a d i a t i o n t h e o r i e s when M;, =
0 o r when % = &. However, as the i n l e t duct
Mach number i n c r e a s e s , t h e near cut-off modes propagate more toward t h e a x i s . For example st a t y p i c a l i n l e t Mach number of -0.4, bp = 66.4O. A t MD = -0.8, fp 36.1° which must account :or a t l e a s t
some of t h e apparent s i d e l i n e a t t e n u a t i o n of a n e a t s o n i c i n l e t s t a t i c t e s t . For @odes above cut-of f t h e sane trends a r e observed with a s h i f t of the scund. r a d i a t i o n toward t h e a x i s .
The r e s u l t s s h m i n f i g . 3 a r e q u s 1 i t a t i v r : y corroborated by a c o u s t i c suppression r c s u l t s f o r t h e blade passage frequency as reported i n r e f s 15 b and 16. oThe maxiuum suppression occurred a t 70 (oniy 10 i n t e r v a l s measured) f r m t h e i n l e t a t f u l l englne speed with 8 clnch number MD = -0.375. For t h e s e s t a t i c t e s t s the b l a d e passage frequency should be r i c h i n modal content near c u t -o f f . Previous r a d i a t i o n t h e o r i e s would thus p r e d i c t a peak a t t e n u a t i o n n e a r 90' f o r t h e s e most e a s i l y a t t e nu a t e d modes near c u t -c f f . I h e p r e s e n t r a d i a t i o n theory, eq. (33) o r f i g . 3, would p r e d i c t t h a t peak a t t e n u a t i o n should occur n e a r 68' vhich i s i n good agreement with experimental r e s u l t s . Also apparent in t h e d a t a of r e f s . 15 and 16, i s t h e f a c t t h a t a s engine o p e r a t i n g speed and t h e Mach number i s r educed t h e peak a t t e n u a t i o n moves more toward t h e mideline which i a e l n o i n agreement with t h e prese n t theory. 
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numbers (hD) and e x t e r n a l flow Hach number &).
When
= 0 t h e r e s u l t s a r e t h e same a s i n f i g . 3. However. a s t h e tunnel rpeed i n c r e a s e s presumed t o remain n e a r l y c o n a t m t ) t h e mound radiat i o n moves back toward t h e s i d e l i n e . For exumple, rample e x t e r n a l v e l o c i t i e s s i n u l a t i n g approach and takeoff c o n d i t~o n s a r e ahown on f i g . 4. For t h e approach condition & --0.4) a a t a t i c t e a t would nhov t h e near c u t o f f m d e s propagating a t about 66O while i n s wind tunnel t h i a r a d i a t i o n would occur near 78O f o r M, = -0.2. The d i f f e r e n c e between a take-off s t a t i c and tunnel t e s t vould be lSO (from 53O t o 6E0).
Since t h e r e i s a d i f f e r e n c e between s t a t i c and wind tunnel f a r -f i e l d r a d i a t i o n p a t t e r n s even f o r a s p e c i f i c mode, a c o r r e c t i o n ahould be applied t o wind tunnel dare hefore i t i s used i n a fly-over c a l c u l a t i o n . Assuming t h a t an inflow c o n t r a 1 dev i c e has been used i n t h e s t a t i c t e s t a s o t h a t f l i g h t modal s t r u c t u r e has been rimulated, the d i fference between t h e s t a t i c t e s t angles ( r ?+ ) and t h e tunnei t e s t angles (Yp) must be reconciles. An expression can be derived r e l a t i n g t h e s e two angles by eliminating the c u t -o f f r a t i o ( 5 ) between eqs. e q s . (12) and (32) o r more simply by considering the geometric r e l a t i o n s s h m i n f i g . 2. The f i n a l expression i s , This i s equivaient t o the expression of r e f . 17 which d e a l s wlth e x t e r n a l convective e f f e c t s upon noise r a d i a t i o n . This expression s h w s t h a t those modes which propagate a t f a r -f i e l d angle vX i n a s t a t i c t e s t , v i l l propagate a t angle vrp i n s wind tunnel t e s t . This c o r r e c t i o n can be considerable. Fur example, with a tunnel speed of only M, = -0.2, the s t a t i c d a t a measured a t 50°, 60°, and 70' should be s h i f t e d t o 6 0 C , 71°, and e1.5O f o r a wind tunnel t e s t . Thi; v i l l have the e f f e c t of s h i f t i n g the usually higher sound pressure l e v e l data of these forward angles back more t w a r d t h e s i d e l i n e . It was assumed in the above d i s c u s s i o n t h a t t h e p r i n r ip a l lobes dominate t h e r a d i a t i o n p a t t e r n and t h a t even f o r a multimcdal p a t t e r n t h e s h i f t w i l l thus be properly described by eq. (34).
Technically a c o r r e c t i o n ahould a l s o be made f o r the sound pressure l c v e l when t h e angle s h i f t of eq. (34) i s made. By maintaining a c o u s t i c paver and a c c~u n t ing f o r t h e p r i n c r~a l lobe width change ( s o l i d a n s l e change) vhich occurs v i t h t h e angle s h i f t t h e folluwing expression can be derived, For tunnel Mach numbers between -0.2 m d -0.4 the ro*~nd pressure l e v e l s h i f t f o r t h e r t a t i c t e s t angles between SO0 m d 90° i a l e s s than 1.5 dB. Thur; f o r t h e s$..eline angles of most i n t e r e s t t h e sound pressure l e v e l c o r r e c t i m i s probably n o t a i . j n i f i c a n t , although t h e angle a h i f t of eq. (34) rhould d e f i n i t e l y be considered. It ahould again be noted t h a t r e i r r c t i o n e f f e c t s w i t h i 3 t h e v e l o c i t y g r a d i e n t s near t h e i n l e t f o r a t a t i c ..rats have n o t been considered here. These e f f e c t s should not be g r e a t , however, f o r t h e near r i d e l i n e angles of moot i n t e r e s t.
While t h e r a d i a t i o n theory presented i n t h i s paper appears t o receive preliminary confirmation f r m r t a t i c engine t e s t s , t h e r e i r n o t y e t any confirmction of t h e wind tunnel e f f e c t s r i n c e t h e r e were no d a t a a v a i l a b l e . Careful t e s t i n g would be required t o i n s u r e t h a t t h e r e s u l t s were n o t masked by o t h e r f a c t o r s . For example, the modal r t r u c t u r e of a fan source vould be expected t o be d i f f e r e n t f o r a t a t i c t e s t i n g than f c r wind tunnel t e s t i n g . ( 1 8 ) Inflow c o n t r o l devices (acreens) would be required t o provide a a t a t i c t e s t n o i s e source which would have a chance t o eimulate t h e modal content produced by a turbofan i n a wind tunnel.
It rhould be noted t h a t t h e c o r r e c t i o n s d i scussed above must be made f o r data obtained i n a wind tunnel t e s t s i n c e i t i s t h e d i r e c t i v i t y p a t t e r n described as a function of rpx and n o t Wp which i s projected t o t h e s t a t i o n a r y observer i n a s r ml e t e d fly-over c a l c u l a t i s n .
Concluding Remarks
The angles of propagation f o r t h e wave f r o n t meking up a duct mode have been presented h e r e with Mach number i n the d u c t . Approximate equations have been derived t o provide simple u t i l i t a r i a n express i o n s . These expressions a r e v a l i d only near the o u t e r w a l l which i s t h e most important region s i n c e t h e bulk of the a c o u s t i c i n t e n s i t y i s located t h e r e and t h i s i s a l s o where incidence angles would be of i n t e r e s t . Exact s o l u t i o n s using Hankel functions a r e given i n appendix A and these corroborate the approximate s o l g r i o n accuracy near t h e o u t e r w a l l . The main emphasis of t h i s paper was t o use t h e a x i a l propagation angle t o i n f e r information about :he f a r -f i e l d r a d i a t i o n p a t t e r n , The r e s u l t s n t a x i a l angle of propagation i n t h e duct was shown t o agree e x a c t l y with the peak of t h e p r i n c i p a l lobe of f a rf i e l d r a d i a t i o n obtained from formal r a d i a t i o n c a l c u l a t i o n s when the Mach number i s uniform evervwhere. The present s o l u t i o n was then extended t o cover t h e c a s e of d i f f e r e n t Hach numbers i n s i d e and o u t s i d e t h e duct f o r which e x a c t c a l c u l a t i o n s have not been a v a i l a b l e f o r engine i n l e t c o n f i g u r a t i o n s . The new a n a l y s i r s h w s tha:: f o r s t a t i c :ngine t e s t s t h e i n l e t r a d i a t i o n can be expected t o he s h l f t e d considerably t w a r d t h e i n l e t a x i s over t h a t obtained from previous a n a l y s i s . This s t a t i c t e s t r a d i at i o n s h i f t can be shuvn t o have preliminary v e r i f lc a t i o n . An e x t e r n a l Ma;h number convective e f i e c t i s a l s o p r e d i c t e d h i c t would s h i f t the sound r a d i et i m back toward t h e s i d e l i n e (compared t o a s t a t i c t e s t ) as t h e e x t e r n a l flow v e l o c i t y i n c r e a s e s . The r e f r a c t i o n of t h e sound by t h e flow g r a d i e n t s near t h e i n l e t could p o s s i b l y be included i n t h e analys i b , b u t t h i s e f f e c t has n o t been included h e r e . Appendix A p j l i n d r i c a l Wove Synthesis of a Ducted S p i~l n i n g H .
The e x t e r i o r r a d i a t i o n f i e l d of an i n f i n i t e c y l i n d e r s u s t a i n i n g s t a n d i n g c i r c u m f e r e n t i a l r u r f a c e o s c i l l a t i o n s , rynchronour i n a x i a l d i r e c t i o n , (f8f is ahown by Morse and Ingard t o be described by t h e Hrnkel f u n c t i o n combination. cos (m 8) Id1) (kr) exp (-Lcc). As r r e p a r s t e matt& i n . t h e -s & r e fference it is demonstrated t h a t t h e modal compon e n t s of t h e p r e s s u r e f i e l d i n s i d e a h a r d v a l l r e c tm g u l a r d u c t may be rynthealzeA by complementary p a i r s of inward and outward plane wave t r a i n s . Let t h e (complex) p r e s s u r e Pm - Pm(x,B,r,t) i n the duct be expressed as t h e mum of a p a i r of c y l i n d r i c a l waves:
The r a d i a l l y outward vave i s given by and t h e matching inward wave i s ?he eigenvalue a a s i n the main t e x t should cont a i n t h e s u b s c r i p t s m,p b u t these have been dropped f o r b r e v i t y .
and 4 gives t h e duct mode f i e l d of eq. (K).
Second, the opposite s i g n s a p p l i c a b l e t o P , r eq u i r e t h e wave t o muve r a d i a l l y inward i n o r d e r t o conserve phase.
The n e a r -f i e l d behavior of t h e outward wave be found by r e p r e s e n t i n g t h e Hankel f u n c t i o n n p o l a r form: A plane t h a t i s l o c a l l y tangent t o t h e wave f r o n t w i l l be governed by t h e requirement t h a t t h e phase, X i s conserved over a small dikplacement occurring during a corresponding small time i n t e r - 
The c o e f f i c i e n t s of t h e d i f f e r e n t i a l coordinates i n (A-14) a r e t h e a x i a l , t a n g e n t i a i , and r a d l a l corcponents_of the l o c a l wave nurnher v e c t o r , de- included. These values show t h a t t h e g r e a t e s t d~-p a r t u r e s from "cor.ventiona1" o r f a r -f i e l d behavior occur near c u t o f f f o r t h e l o v e s t order m and IJ modes. The d e p a r t u r e s , however, a r e q u i t e minor: ! For t h e "worst" case, the (1,O) mode a t c u t o f f , t h e phase v e l o c i t y d e p a r t s from conic by only 6 percent (A-18)) and the exact an; approximate w a l l incidence angles d i f f e r by about 2O. Thus the e s s e n t i a l assumption the magnitude of t h e phase v e l o c i t y becomes used i n d e r i v i n g t h e r e s u l t s of the nuin t e x t , namely t h a t f o r MD -0 t h e rquares of t h e a x i a l , vph =iL"*. = -5 (A-19) t a n g e n t i a l , and radialwave-number components sum K kK' K' t o t h e aquare o f the ordinary wave number, k = u i c , a t t h e w e l l radius. i s i n e x c e l l e n t o r e c t i c a l anrce--n u s t h e v e l o c i t y d i f f e r s f r m t h e speed me"' with r e s u l t s of the exact a n a l y s i s . asof sound by ,J,~ f a c t o r l / K l . I t can be that eumpfion implies t h a t t h e eigenvalues which a r e K' > 1 and approaches 1 as ( a r / r o ) -m, s o t h a t t h e independent j f 4 , a r e r e l a t e d by kt + k$, n e a r -f i e l d phase v e l o c i t y i s always 8ubsonic. This *fe = Q'ro) .
means t h a t t h e sum of t h e squares of t h e wave num-F i n a l l y , i t may be o f some i n t e r e s t t o n o t e bers kx, k,, k r , add up t o K2, which i s l a r g e r t h a t t h e r i t u a t i o n changes r a d i c a l l y as t h e duct than the bquare of t h e ordinary wave number, k = a x i s i s apprcached more c l o s e l y . Calculations fhov d c . Further work r e q u i r e s e v a l u a t i o n of @;(ar/ro), the d e r i v a t i v e of t h e phase of t h e Hsnkel f u n c t i o n H$,l)(arir0).
It i s found t h a t
This expression allows computation of the l q c a l wave speed and direction angles f o r a wave a t any radius usine eqs. This appendix i s intended t o p r w i d e a r i m p l iexample o f o b t a i n i n g t h e a n g l e s o f propagation o f t h e wave f r o n t s i n a d u c t w i t h flow. T O -P~N~ t h i s purpose a simple two dimensional r e c t a n g u l a r g e o w t r y w i l l be ured. The wave e q u a t i o n s o l u t i o n can be given a s , i(wt-kxX) P -e cos kyY
The second r e p r e s e n t a t i o n i n eq. (B-1) b r e a k s t h e modal c o s i n e f u n c t~o n i~t o t h e two wave f r o u t s r e p r e s e n t i n g t h i s mode. The f i r s t wave t r a v e l s i n t h e +y d i r e c t i o n w h i l e t h e second wave t r a v e l s i n t h e -y d i r e c t i o l . . C o n c e n t r a t i n g on t h e +y, moving wave t h e e x p o n e n t i a l phase q u a n t i t i e s a r e gathered t o g e t h e r and s e t e q u a l t o a c o n s t a n t t o r e p r e s e n t a c o n s t a n t phase l i n e o r wave f r o n t 4 6 , -kxx -kyy = c o n s t a n t (B-2) I f time t i s a l s o considered a s a c o n s t a n t , an i n s t a n t a n e o u s r e p r e s e n t a t i o n of t h e s l o p e of t h e wave f r o n t can be o b t a l n e d by d i f f e r e n t i a t i n g eq. (B-2) t o o b t a~n , Now a s k e t c h of t h e wave f r o n t can be cons t r u c t e d a s i n f i g . BI. The a n g l e s of i n t e r e s t a r e C, and c y t h e a n g l e s between t h e wave f r o n t normal and t h e c s o r d~m t e axes. By s i m i l a r i t y of t r ia n g l e s these a n g l e s can a l s o be i d e n t i f i e d i n t h e t r i a n g l e d r a m t o show t h e weve f r o n t elope. It is now obvious t h a t , and Cp t o t h i s p o i n t i n t h e d e r i v a t i o n t h e r e was n o c o n s~d e r a t i o n o f t h e d u c t Mach number MD. T h i s e ff e c t i s obtatned by inserc!ng t h e prersurt! r o l u t i o n i n t o t h e wave e q u a t i o n t o o b t a i n t h e r e l a t i o n s h i p The wave number ky i s n o t a f u n c t i o n of I~D , b u t r i n c e t h e denominators of e q r . (8-4) and (B-5) a r e f u n c t i o n s o f %, then both c p, and vy depend upon d u c t Mach number.
betweer, t h e wave numbers a s , I vhich i s s i m i l a r t o t q . (3) i n t h e main t e x t . Eq. (B-6) i m n e d i a t e l y g i v e s
